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Abstract— Torque transfer characteristics of the drivetrain of
a production continuously variable transmission (CVT) vehicle
is identified based on a particle swarm optimization (PSO)
technique. The torque transfer characteristics from the CVT
input shaft to the driveshaft is described by a simple nonlinear
model: a single degree-of-freedom vibration model with a
clearance. Based on the full-scale experimental data, the model
parameters are identified by a data correction method and PSO.
The simulated driveshaft torque shows good agreement with the
measured torque from the experiment.

Fig. 1.

Experimental measurements of the drivetrain.

I. INTRODUCTION
Clearance-induced torsional shocks and vibrations in drivetrains are of critical concern to vehicle manufacturers [1–
4]. Such torsional motions in drivetrains sometimes reduce
driving stabilities and are transmitted to passengers as undesirable vibrations such as low-frequency fore-aft vibrations
[5–8].
On the drivetrain vibrations, extensive studies have been
reported based on several degree-of-freedom (DOF) mechanical models. The models with frictions were developed
to examine the clutch engagement problems in a continuously variable transmission (CVT) vehicle [9] and a dual
clutch transmission vehicle [10]. Moreover, the influence
of clearance with friction was also taken into account in
order to analyze transient responses of drivetrains such
as the clearance-induced impulsive responses [11–13], the
suppression of undesired vibrations with a nonlinear clutch
damper [14], and the effect of clutch engagement on foreaft and vertical vibrations of the vehicle body [5]. In these
studies, identification of system parameters was not carried
out so that some parameters were empirically estimated.
For example, the parameters such as inertia and stiffness
of a drivetrain can be estimated from detail drawings and
measurements of the components in many cases; however,
friction and damping are sometimes hardly obtainable in such
manners [12].
For more accurate modeling of experimental torsional
behavior, there are some attempts to identify the torsional parameters from measured data sets by using frequency domain
identification, for example, on the 2-DOF engine model [15]
and the 7-DOF powertrain model [16,17]. Moreover, time
domain identification was carried out on the 5-DOF torsional
model of turbine-generator sets [18]. In these studies, time
responses of the models were in good agreement with those
of the experimental data. However, they employed linear
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models that can not describe nonlinear behavior of interest
such as the clearance-induced responses in the drivetrains.
In this paper, we propose an accurate and simple nonlinear
model of the clearance-induced transient torsional response
of an automotive drivetrain system based on the physical
data sets measured from a full-scale driving experiment
on a production CVT vehicle. As the number of sensors
are limited in this experiment, we restrict ourselves to two
physical measurements: the transmission input torque Ttm
and the driveshaft output torque Tds , assuming that no other
physical measurements of the vehicle are available for the
identification purpose. Then, we develop the fewest DOF
model of the torsional response of interest in view of future
use in the electronic control unit (ECU).
This paper is outlined as follows. First, we examine an
experimental time series of Tds to derive a single DOF
vibration model comprising an inertia with a viscoelastic
support having a deadband. Next, we formulate a parameter
identification problem that minimizes deviation between the
experimental and the simulated torques. We solve the identification problem by a particle swarm optimization (PSO)
method. The simulated Tds by the identified model shows
good agreement with the experimental Tds .
II. EXPERIMENTAL DATA
The experimental vehicle is a production CVT vehicle
with 1500 cc DOHC gasoline engine whose drivetrain is
schematically shown in Fig. 1. The measured variables are
obtained as a three-dimensional time series:
(
)
x(t) := Teg (t), Ttm (t), Tds (t) ,
(1)
where Teg (t), Ttm (t), and Tds (t) are the engine output shaft
torque, the CVT input shaft torque, and the driveshaft output
torque, respectively. The sampling rate is 1 kHz for each
component of the time series.
The experiment was conducted as follows. The vehicle run
along a straight horizontal track throughout the experiment.
During the initial state, the vehicle was running at the
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Fig. 2.

A sample of experimental data as functions of time.

constant speed of 40 km/h with the throttle opening ratio
a = 0 where a takes zero when the throttle closing while
it takes unity when the throttle fully opening (0 ≤ a ≤ 1).
Then, the throttle opening ratio a automatically ramped up
by an experimental throttle controller from 0 to 0.5 in 0.5
seconds and maintained the constant value a = 0.5 thereafter.
Note that during the experiment, the CVT gear ratio was
temporally being varied by an ECU of the vehicle although
we regard it as an unknown quantity in this paper.
Figure 2 shows a sample set of the experimental data.
Note that although only Ttm (t) and Tds (t) are of interest for
our identification purpose in this paper, the other measured
variables a(t) and Teg (t) are also presented for reference.
All the variables in Fig. 2 are plotted as functions of time.
The top graph shows the throttle opening ratio a(t). The
ramped increment of a(t) from 0 begins at t = 1.540 and
finished at t = 2.033 actually in this sample. The bottom
graph shows the measured torques: Teg (t) from the engine
output shaft, Ttm (t) from the CVT input shaft, and Tds (t)
from the driveshaft.
We can see from Fig. 2 that during the initial period of
vibration, about 1.7 < t < 2, Tds (t) has stationary intervals
near t = 1.76, 1.86, and 1.91 indicated by small arrows
and exhibits a vibration in large amplitude that alternates
negative and positive peaks. It is known that this kind of
large amplitude driveshaft vibration can induce vehicle body
vibrations because the driveshaft torque is directly transformed to the driving force on the vehicle body. Actually, in
this experiment, the test driver in that period received large
fore-aft shocks from the vehicle body, which has already
been recognized as an undesirable vehicle vibration by the
manufacturers [1–4].

3-DOF model of the drivetrain motion.

respectively. Physically speaking, q0 , q1 , and q2 represent
angular displacements of the driven wheel, the CVT input
shaft, and the engine output shaft, respectively. The inertia
moment I0 represents the equivalent total inertia of the
vehicle body including the wheels, I1 represents that between
the CVT input shaft and the driveshaft, and I2 represents that
between the engine output shaft and the clutch input shaft.
In this model, the rotor R2 receives a given engine torque
Teg and the reaction torque −Ttm from the CVT input shaft.
The rotor R1 receives the CVT input shaft torque Ttm and
the reaction torque −Tds from the driveshaft. The rotor R0
receives the driveshaft output torque Tds and the resistance
torque P from the environment including running resistance,
aerodynamic resistance, and so on. Therefore, the equations
of motion (EOM) of this model are given by


 I0 q̈0 = Tds − P,
I1 q̈1 = Ttm − Tds ,
(2)


I2 q̈2 = Teg − Ttm .
Introducing the relative angular displacements:
θ := q1 − q0 ,

ψ := q2 − q1 ,

we have a relative expression of (2) as

1


q̈0 = (Tds − P ),


I0



1
1
θ̈ = − (Tds − P ) + (Ttm − Tds ),
I0
I1)


(


1
1
1
1


 ψ̈ = Tds −
Ttm + Teg .
+
I1
I2
I1
I2

(3)

(4)

A. Motion Model

B. Vibration Model
To focus on the vibrating term in the EOM (4), it is
reasonable to assume that I0 is sufficiently large because
I0 mostly represents the total vehicle body inertia. Thus, we
take the limit I0 → ∞ in (4). In this limit, the first equation
in (4) is reduced into q̈0 = 0 that implies the algebraic
relation P = Tds . Meanwhile, the second and third equations
are reduced into the following form:
{
θ̈ = ρ1 (Ttm − Tds ),
(5)
ψ̈ = ρ1 Tds − (ρ1 + ρ2 ) Ttm + ρ2 Teg , ρi := (Ii )−1 .

First, we introduce a 3-DOF torsional model of the drivetrain as shown in Fig. 3. The model comprises three rotors
R0 , R1 , and R2 , having the inertia moments I0 , I1 , and
I2 , where q0 , q1 , and q2 denote their angular displacements,

These describe vibrations of the relative angles θ and ψ,
independent of q0 . Therefore, we have obtained the 2-DOF
model (5) of the torsional vibration of the drivetrain, whose
mechanical description can be given in Fig. 4.

III. DRIVETRAIN MODEL
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2-DOF model of the drivetrain vibration.
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C. Modeling of Torque Transfer Characteristics
As we focus on the torque transfer characteristics from
Ttm to Tds , we develop a closed-form expression of Tds as a
function of θ and θ̇ of the following form:
Tds = F (θ, θ̇).
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To specify F (θ, θ̇), we suppose that the stationary intervals
in Fig. 2 are induced by a total backlash of gears and
couplings between the rotor R1 and the fixed base, or, by
a clearance type nonlinearity with respect to θ. We also
suppose that this clearance induces torsional impact behavior
of the rotor R1 . Such torque transfer characteristics can be
modeled simply by an impact model of the following form:

−
−

k (θ + µ) + c θ̇ (θ < −µ),
Tds = F (θ, θ̇) = 0
(7)
(|θ| ≤ µ),

 +
+
k (θ − µ) + c θ̇ (θ > µ),
where µ is a width of the clearance, c− and k − are viscoelastic coefficients during the backward contact between
the gear teeth, and c+ and k + are those during the forward
contact. In general, smoothening functions [14,19] are often
applied to build accurate impact models. We also consider a
smoothed version of the impact model (7) as
Tds = Fσ (θ, θ̇) := Gσ (θ, µ, k − , k + ) + Hσ (θ, µ, c− , c+ )θ̇,
(8)
with the smoothed functions:
Gσ (θ, µ, k − , k + ) := −k − ϕ1 (−θ − µ; σ) + k + ϕ1 (θ − µ; σ),
(9)
Hσ (θ, µ, c− , c+ ) := c− ϕ2 (−θ − µ; σ) + c+ ϕ2 (θ − µ; σ),
(10)
where ϕ1 (· ; ·) and ϕ2 (· ; ·) are a smoothed unit ramp function
and a smoothed unit step function, respectively, given by
1 + tanh(σx)
ln{1 + exp(σx)}
, ϕ2 (x; σ) :=
,
2
σ
(11)
where σ represents steepness of these functions. As σ
increases, the smoothed impact model Fσ (θ, θ̇) in (8)
converges to F (θ, θ̇) in (7). For example, Fig. 5 shows
Gσ (θ, 0.2, 1, 2) and Hσ (θ, 0.2, 0.5, 1) for σ = 40 and 103 .
ϕ1 (x; σ) :=

θ
Fig. 5.

Smoothing functions for σ = 40 and 103 .

IV. IDENTIFICATION PROBLEM
A. Data Correction Approach
In the experimental time series in Fig. 2, the stationary
intervals of the driveshaft torque Tds (t), indicated by small
arrows, take negative values Tds = ∆ds ≈ −9. We suppose
that these stationary intervals of Tds = ∆ds ̸= 0 are
caused by some deadband characteristics, for example, due
to teeth clearances of the experimental vehicle. However, the
mathematical model (8) is defined to output Tds = 0 inside
the deadband |θ| ≤ µ. The difference can be corrected by
shifting the model with a constant ∆ds as
Tds = Fσ (θ, θ̇) + ∆ds .

(12)

In this paper, we employ an equivalent expression:
Sds := Tds − ∆ds = Fσ (θ, θ̇),

(13)

where ∆ds is an amplitude-shift.
The amplitude-shift ∆ds in the physical vehicle can be
caused by mechanical frictions in the drivetrain that is
rotating in one direction. In contrast, such shift does not
appear in the model (5) and (8) because the model does not
produce a steady rotation; the steady rotation is approximated
by a stationary state θ̇ = ψ̇ = 0.
We also suppose that Ttm contains an amplitude-shift ∆tm
as well, and thus introduce an amplitude-shifted CVT input
shaft torque as
Stm := Ttm − ∆tm .
(14)
B. Problem Formulation
Suppose that a two-dimensional time series y(t) :=
(Ttm (t), Tds (t)) is measured from the experiment. Then,
combining (8), (13), (14), and the second equation of (5),

we describe the dynamics from Ttm (t) to Tds (t) by a single
DOF model in the following form:
θ̈ = ρ1 {Stm − Fσ (θ, θ̇)}, Stm := Ttm (t) − ∆tm ,
−

−

+

(15a)

+

Fσ (θ, θ̇) := Gσ (θ, µ, k , k ) + Hσ (θ, µ, c , c )θ̇, (15b)
∗
∗
+ ∆ds .
:= Fσ (θ, θ̇), Tds∗ := Sds
Sds

(15c)

Tds∗ (t)

The numerical solution
of (15) yields the simulated
driveshaft torque, which is to be compared with the measured
Tds (t).
The single DOF model (15) has nine model parameters:
p := (ρ1 , k − , k + , c− , c+ , µ, σ, ∆ds , ∆tm ).

(16)

To estimate p from y(t), we solve the following optimization
problem:
∫ t2
1
Minimize E(p) :=
|Tds∗ (τ ) − Tds (τ )| dτ
p
t2 − t1 t1
∫ t2
1
∗
|Sds
(τ ) − Sds (τ )| dτ, (17)
=
t2 − t1 t1
where the cost function E(p) evaluates absolute deviations of
the simulated driveshaft torque Tds∗ (t) inside the time interval
t1 ≤ t ≤ t2 of interest.
In numerical calculations in Section V, the cost function
E(p) is evaluated as follows. We numerically solve the
model (15) for the constant input Stm (t) = Stm (t1 ) to
determine the initial equilibrium θ̄(t1 ) at t = t1 . Then, we
obtain the numerical solution of (15) starting from
θ(t1 ) = θ̄(t1 ),

θ̇(t1 ) = 0

(18)

for the variable Ttm (t). Thus, we have
E(p) =

1
m

m
∑
i=1

ti := t1 + i∆t, tm := t2 , (19)
where ∆t is a sampling interval of T (t). The ∆t is also
taken as the time step of the numerical solution.
To evaluate accuracy of the abovementioned modeling, we
introduce an index of model quality by
(
)
E(p)
Q(p) := 1 −
× 100,
(20)
E0
1 ∑
|Sds (ti )|
m i=1
m

E0 :=

Minimize E(p),
p

(22)

where p := (p1 , p2 , · · · , pM ) ∈ D ⊂ RM is an M dimensional vector and E(p) is a real-valued cost function
positive definite.
In PSO, a swarm of N candidate solutions, {p1 , · · · , pN },
is called particles. The particles explore the M -dimensional
domain D in search of the global solution
p0 = arg min E(p).

(23)

p

The particle positions are recursively updated by
 i
p (k + 1) = pi (k) + v i (k),
v i (k + 1) = η0 (k)v i (k) + η1 (k){P i (k) − pi (k)}

+η2 (k){G(k) − pi (k)},

(24)

for k = 0, 1, · · · , kmax , where pi (k) is a position of ith
particle at iteration k, v i (k) is a corresponding velocity, and
ηl (k) (l = 0, 1, 2) are random numbers. P i (k) is a position
of ith particle taking the lowest cost among pi (0), · · · , pi (k),
which is called a personal best. G(k) is a position of the
particle that has the lowest cost among all the particles for
all iteration j ≤ k, which is called a global best.
Note that in general, the term v i (k) in the second equation
of (24) is sometimes taken as v i (k + 1) although results of
optimization were not sensitive to such alternation at least in
our case.
Therefore, the solution p0 of the optimization in (22) is
approximately obtained by
p0 ≈ G(k).

(25)

In this paper, η0 (k), η1 (k), and η2 (k) are taken as uniform
random numbers over the intervals [0, w], [0, p1 ], and [0, p2 ],
respectively. The initial search domain D0 ⊂ D is taken as
an M -dimensional hypercuboid:

|Fσ (θ(ti ), θ̇(ti )) − Sds (ti )|,

where

Consider an optimization problem in the following form:

(21)

is a mean absolute amplitude of the measured Sds (t) =
Tds (t) − ∆ds .
C. Particle Swarm Optimization
As the state equation (15a) contains a nonlinear function
Fσ (θ, θ̇), it is required to apply a nonlinear optimization
technique to solve the problem in (17). We employ a particle swarm optimization (PSO) technique to achieve faster
convergence than other methods. A brief overview of PSO
is provided below (see the references [20,21] for details).

D0 := [a1 , b1 ] × · · · × [aM , bM ].

(26)

The initial particle positions pi (0) are taken at nM uniform
grid points on D0 . Thus, N := nM represents the number
of the particles. All the initial particle velocities are set to
zero.
V. IDENTIFICATION RESULT
A. Condition of Identification
The condition of identification is empirically selected as
follows. The PSO parameters are set to w = 1, p1 = p2 =
0.4, M = 9, and n = 2. The initial search domain in (26) is
taken as
D0 = [1, 2] × [103 , 104 ] × [103 , 104 ]
× [10, 20] × [10, 20] × [10−3 , 5 × 10−3 ]
× [103 , 5 × 103 ] × [−10, −5] × [10, 15]. (27)
Thus, the number of particles is N = nM = 512. The time
interval of E(p) in (19) is selected as [t1 , t2 ] = [1.5, 3] so
that it covers the initial stationary state for t < 1.6, the
large amplitude vibration for 1.7 < t < 2.6, and the final
stationary state for t > 2.8 (see Fig. 2).
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The cost E(p0 ) as a function of the PSO iteration k.
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B. Simulated Result
Applying the method and condition in Sections IV and VA, we identified the model parameter p in (16) that simulates
the experimental data y(t) = (Ttm (t), Tds (t)) in Fig. 2.
Figure 6 shows the cost E(p0 ) as a function of the PSO
iteration k. It is shown that the value of E(p0 ) rapidly
decreases and mostly converges after k = 100. The cost
takes E(p0 ) ≈ 2.58573 at k = 250 where the parameter p
is identified as p0 listed in Table I.
Figure 7 shows time histories of the driveshaft torques.
The solid line indicates the measured Sds (t), already shown
in Fig. 2 as Tds (t). The dashed line indicates the simulated
∗
Sds
(t) that is a numerical solution of the model (15) with the
identified p0 in Table I, subjected to the measured Stm (t).
∗
The simulated torque Sds
(t) is mostly in good agreement
∗
with the measured Sds (t). The simulated Sds
(t) reproduces
presence of all the peaks, the ravines, and the stationary
intervals, labeled by Pi, Ri, and Si (i = 1, 2, 3), respectively.
And it mostly reproduces the waveform. The model quality
takes Q(p0 ) = 94.9 %.
The result implies that the large fore-aft vehicle body
vibration observed in the experiment, due to the driveshaft
vibration, can be mostly simulated by the single DOF model
(15) with p0 in Table I.
However, minor disagreement in detail is also found in
Fig. 7. In particular, the amplitudes are different between
∗
Sds (t) and Sds
(t) near the peaks and ravines P1, P2, R2, and
∗
R3, and the waveform of the simulated Sds
(t) is slightly
delayed from that of the measured Sds (t). One possible
explanation for this delay is different transmission delays
between the experimental signals of Ttm (t) and Tds (t).
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Values
1.42855
2.94791 × 103
8.70064 × 103
4.10333
1.92283 × 10
3.55701 × 10−3
1.13281 × 103
−7.40521
1.29998 × 10

S3
R2

TABLE I
I DENTIFIED PARAMETER p0 AT k = 250.
Components
ρ1
[(kg m2 )−1 ]
k1−
[N/rad]
k1+
[N/rad]
c−
[Ns/rad]
1
c+
[Ns/rad]
1
µ
[rad]
σ
∆ds
[Nm]
∆tm
[Nm]

S2

Measured and simulated driveshaft torques.

VI. CONCLUSION
We conducted parameter identification of a drivetrain
model of a production CVT vehicle with 1500 cc DOHC
gasoline engine that exhibits large amplitude fore-aft vibrations during acceleration. First, we developed a nonlinear
single DOF vibration model with clearance to describe the
torque transfer characteristics from the CVT input shaft
torque Ttm (t) to the driveshaft output torque Tds (t). Next,
we parameterized the model by a nine-dimensional parameter vector including the amplitude-shifting parameters. We
employed a PSO method to solve the identification problem.
The result showed that the simulated driveshaft output
torque is mostly in good agreement with the measured
driveshaft output torque.
Therefore, it is concluded that the torque transfer characteristics from the CVT input torque to the driveshaft output
torque in the drivetrain considered can be described by the
fewest DOF vibration model with clearance.
In future work, we plan to improve accuracy of the
identification, focusing on the different transmission delays
among the experimental signals. We also plan to identify the
overall torque transfer model from the engine output shaft
torque Teg (t) to the driveshaft torque Tds (t) as a basis of
developing vibration suppression control of the drivetrain.
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